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Abstract 

The purpose of this paper is to give a minimalistic and self-contained presen- 
tation of a Lorentz Invariant phenomenological model of Quantum Gravity. 

Spacetime, at microscopic scales, may have a non-trivial discrete struc- 
ture. The goal of Quantum Gravity Phenomenology is to search for empir- 
ical manifestations of this structure. In the last years, Quantum Gravity 
Phenomenology has been dominated by the search of Lorentz Invariance 
violations (LIV). This is essentially because a discrete spacetime structure 
may select preferential spacetime directions through an incompatibility with 
the Lorentz length contraction. However, there are very restricting bounds 
on LIV p]. Furthermore, in a certain theory of quantum fields on a discrete 
spacetime such that the discrete structure determines a preferential direc- 
tion, it has been shown [2] that the radiative corrections would magnify the 
LIV to levels irreconcilable with observations. These results motivated us 
to propose a phenomenological model of Quantum Gravity without LIV. In 
contrast with the phenomenological models with LIV, the starting point is 
to assume that spacetime building blocks are Lorentz Invariant and look for 
possible manners in which such building blocks may manifest. 

Almost any intuitive discrete structure of spacetime leads to LIV. There- 
fore, we need to use an analogjQ- Imagine we have a real function / and, for 
some reason, we need to replace it by a "discrete" function made of straight 
segments of a given length L. Then, in the regions where / is straight, the 



1 I thank E. Bianchi for suggesting this analogy. 
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discrete function is indistinguishable from /. On the other hand, when / 
changes dramatically with respect to L, the function / is not well approxi- 
mated with the discrete function. 

We believe that something analogous may occur in Nature: If we as- 
sume that spacetime building blocks are Lorentz Invariant, then, according 
to this analogy, in spacetime regions which are Lorentz Invariant (i.e., flat 
regions), it is not possible to see the effects of spacetime discreteness. How- 
ever, in regions where spacetime is curved, its building blocks "overlap" and 
its presence could reveal itself by non-standard interactions of matter and 
spacetime curvature [3J. As the Ricci tensor (and its trace, the curvature 
scalar) at a point are determined by matter at the same point through Ein- 
stein's equations, to couple matter with Ricci tensor may be regarded as a 
self-coupling, which is not interesting for phenomenological purposes. Thus, 
we need to search for couplings of matter with Weyl tensor W abc d, which can 
be thought as the Riemann curvature tensor without the Ricci tensor. The 
coupling terms must be covariant, Lorentz Invariant and with dimensions 
such that it is not a priori suppressed by many powers of a big constant, 
which is taken to by Planck mass Mp. 

For practical reasons, we focus in couplings of Weyl tensor and fermionic 
matters fields, which are generically denoted by ip. Unfortunately, the ob- 
vious coupling terms vanish or are highly suppressed by Mp, making them 
phenomenologically uninteresting. For this reason, we use objects having 
some information of the Weyl tensor but a different index structure, we 
proceed to construct such objects. 

Let S be the space of 2-forms in spacetime. This space inherits a (pseudo- 
Riemannian) metric G from spacetime metric g, which is given [4J by 

Gabcd = 3a[c9d]b- (1) 

Observe that G abcc i = Gum^i = G c dab (anti-symmetric pairs of spacetime 
indexes can be considered as indexes of S). The metric G can be used to 
construct two Hermitian maps from S to S out of the Weyl tensor: 

(W + ) ab cd = \(w ab cd + wl cd y (2) 

(W-) ab cd = \(w a S d -Wl b cd ), (3) 

where W\ b represents the adjoint (with respect to G abc d) of W ab cd . We 
define and = X^f* such that 

(W^X^ = \&>XM (4) 
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G ahcd X^ l) X^ l) = ±1, (5) 
ZabcdX&® X^ ,V) = 0. (6) 

Note that the first equation is an eigenvalue equation, A^'^ and xj£ being, 
respectively, the eigenvalues and eigenvectors of the Hermitian operators. 
The label ± indicates to which operator A^'^ and xj£ are associated 
and I = 1,2,3 labels the different eigenvalues (no sum over I is implied if 
it appears repeatedly in an equation). In 4 spacetime dimensions, I should 
run from 1 to 6, the number of anti-symmetric pairs of spacetime indexes. 
However, the identity 

e ab cd W cc ff = W ab cd e cd £ f, (7) 

where e a b c d is spacetime volume 4-form, implies that there is an unavoidable 
degeneration in the maps (jl]) which reduces the number of eigenvalues to 3. 
This degeneration implies that any linear combination of degenerated eigen- 
vectors is an eigenvector with the same eigenvalue. Conditions © and (j6j) 
are meant to discriminate from all these linear combinations. This condi- 
tions unequivocally fix xj^' 1 ' unless some eigenvectors are null with respect 
to G a bcd- in these case it is not possible to choose the linear combination that 
the model calls for, therefore, the null eigenvectors are dropped. Moreover, 
when spacetime is flat, X^' 1 ^ = 0, which is consistent with our motivation. 

Note further that the conditions @- © do not determine the sign of 
X\^' l \ namely, if X^' 1 ' satisfies these conditions, so does —X^' l \ As the 

physics is not invariant under X^'^ — > —X a f' l \ we need our coupling to 
be insensible to that sign. This is achieved by coupling terms which are 
quadratic in xjjt' . We then write the most general quadratic term that is 

minimally suppressed by M p . Let X^ = e a b cd X^' l \ the proposed term 
has the form 

where 

Hat = g cd E E (9) 

a,/3=±l,m=l 

|(M (a ' /3 ' Z ' m) G(X (Q ' /) ,X (/3 ' m) ) + N^ a ' l3 ' l ' m h(X^ a ' l \X^' m ' ) fj X^' l) X { b ^ m) 
+ (m^ 1 ^G(X^ 1 \x^) + N^ m h(X^ l \x^)) X^xfiri}, 



Lint = i? a6 ^7 [ W, (8) 



3 



and 



(1Q) 



M (a,p,l,m) = f(a,g,i,m)| A (a,0|l/4| A (g,m)|l/4 / [A^ [ 1/2 \ / |A (/3 ' m) | 1/2 

^ iii i ^ Mp j y Mp 

/ I X (Q,/) 11/2 \ / I % (0,771) 1 1/2 \ d{fl ' m) 

N (a,0,l,m) = x (a,^,7n)| A (a,0|l/4| A (/3,m)|l/4 ( \^__J__\ M A I j ( Uj ) 

~ ~ /|\(o.0|V2\ c( °" !) /|\G8,Tn)|l/2\ cifl,m) 

M (a,/3,i,m) = ^(a,W,m)| A (a,0|l/4| A (/3,m)|l/4 / l^__J_j / l A _ I j 



/u(a,Q|l/2\ di "' n /ix(/3,m)|l/2\ d 
jy-(a,/M,m) = ~(a,ffJ,m)| A (a,Q|l/4| A (/3, m )|l/4 / l A I \ / l A I j 



(13.) 



In these last expressions £( Q >/^ m ), £(a-W>m) ; x («,fti,m) ) ^(a,Ai,m) j c (a,0 j gfaQ, 
(i^) and are the free dimensionless parameters of the model with the 
restriction that 

c (a,I) j g(a ) O jd (a,I) j ^o,0 > _l/ 2 , (14) 

to get the correct limit when spacetime is flat. Note that equation ([9]) does 
not include terms involving two eigenvectors with tilde. This is because 
these terms are equivalent, after a reparametrization of the free constants, 
to the terms that are present in equation (|9j). Also observe that the power 
to which Mp appears is a free parameter that has to be set by experiments. 

This work shows that it is possible to investigate the phenomenological 
consequences of a Lorentz Invariant discrete spacetime structure at micro- 
scopic scales. The model is covariant, well-defined and, in principle, observ- 
able. In fact, it has been empirically tested in a high precision experiment 
[5j, allowing to place bounds on some of its free parameters. 
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